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Abstract
We propose type IIA supergravity solutions dual to the 1/2 BPS vacua of the BMN
matrix model. These dual solutions are analyzed using the Polchinski-Strassler method
and have brane configurations of concentric shells of D2 branes (or NS5 branes) with
various radii and D0 charge. These branes can be viewed as polarized from N D0 branes
by a transverse R-R magnetic 6-form flux and an NS-NS 3-form flux. In the region far
from branes, the solutions reduce to perturbation around the near horizon geometry of N
D0 branes, by turning on these R-R and NS-NS fluxes, which are dual to the deformation
of the BFSS matrix model by adding mass terms and the Myers term. The solutions with
these additional fluxes preserve 16 supersymmetries. We also briefly discuss these fluxes in
the possible supergravity duals of M(atrix) theories on less supersymmetric plane-waves.
∗hailin@princeton.edu
1 Introduction
The AdS/CFT correspondence [1] provides a remarkable method to study the physics
of gauge theories by their dual descriptions in string theory and its low energy limit–
supergravity. In this paper, we will utilize this correspondence to study the dual descrip-
tions of the BMN matrix model [2] and its 1/2 BPS classical vacua by IIA supergravity
solutions. This model can be considered as a 0+1 dimensional U(N) gauge theory which
has a discrete vacuum spectrum and can serve as a relatively simple example of a theory
with a finite number of vacua at finite N . This model has very similar vacuum struc-
ture to that of the N = 1∗ theory [3], whose string theory dual was constructed by the
Polchinski-Strassler solution [4].
The BMN matrix model [2] was conjectured to be the DLCQ of M theory on the
11-d maximally supersymmetric plane-wave background [5], [6]. The action of this model
can be obtained1either by matrix-regularization of a supermembrane action (e.g. [7]) on
the 11-d plane-wave background, or from the quantum mechanics of N D0 branes on
the background of the 11-d plane-wave compactified to 10 dimensions [8]. The classical
solutions and quantum spectrum of this model have been extensively studied by e.g.
[8], [9], [10]. This model may also be thought of as a deformation of the BFSS matrix
model [11] by adding mass terms and Myers term to the Lagrangian. Due to these
terms, the plane-wave background removes the flat directions of the BFSS matrix model
and the wave-functions of the D0 branes no longer spread uniformly over the space but
are instead localized around some fuzzy spheres. The 1/2 BPS classical supersymmetric
solution describes D0 branes sitting at the origin of a 6-dimensional subspace as a result
of mass terms in these directions and in another 3-dimensional subspace, their matrix-
coordinates obey the SU(2) commutation relations as a result of the interplay between
mass terms and the Myers term [2], [8]:
[X i, Xj] = i
µ
3
ǫijkX
k, i, j, k = 1, 2, 3, (1)
where µ is a mass parameter. The coordinates X i (i = 1, 2, 3) are N × N matrices and
therefore their solutions are in N -dimensional representations of the Lie group SU(2).
Since for each positive integer n there is an irreducible n-dimensional representation of
SU(2), each vacuum solution can be labeled by a partition of the integer N into positive
1The action of the BMN matrix model can also be obtained by the dimensional reduction of d = 4,
N = 4 U(N) SYM on R × S3 keeping certain SU(2) invariant Kaluza-Klein modes on S3 [14].
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integers ni, with
∑
i
ni = N , corresponding to the direct product of these ni-dimensional
irreducible representations. So the D0 branes form a collection of fuzzy spheres with radii
proportional to ni. For large ni, these fuzzy spheres can be well-approximated as round
spheres up to a non-commutativity correction [12].
These vacua have similar structure to those of the N = 1∗ theory [3], which is a
deformation of d = 3 + 1, N = 4 U(N) SYM by adding mass terms for the 3 chiral
multiplets Φi (i = 1, 2, 3) to the superpotential and the N = 4 supersymmetry is broken
to N = 1. As a result, the F -term equations for the classical supersymmetric vacua yield2
[3]:
[Φi,Φj ] = −i m√
2
ǫijkΦk, i, j, k = 1, 2, 3. (2)
Since Φi are N ×N traceless matrices, the solutions are also in N -dimensional represen-
tations of SU(2) and each vacuum is also labeled by a partition of the integer N into
positive integers ni with
∑
i
ni = N , in the same way as in the BMN matrix model.
Due to their similarities, many aspects of the BMN matrix model and the N = 1∗
theory may be studied in parallel both in the field theory context and in their dual
supergravity descriptions. They can both be studied from the point of view of deformation
by relevant operators around an originally undeformed theory in the U.V. region. They
both have fuzzy sphere vacua which can be interpreted in dual supergravity solutions as
branes of higher dimensionality polarized from branes of lower dimensionality.
The various Polchinski-Strassler solutions [4] in the string dual of the N = 1∗ theory
have brane configurations corresponding to D3 branes polarized into various D5 branes
(in the weak coupling regime) or NS5 branes (in the strong coupling regime) via Myers’
dielectric effect [15]. On the near horizon geometry of N D3 branes, i.e. AdS5 × S5,
Polchinski and Strassler [4] found that one can turn on additional R-R 3-form fluxes and
NS-NS 3-form fluxes to polarize the D3 branes into D5 or NS5 branes with world-volumes
R4 × S2. They found that the radii of the S2 of these D5 branes are proportional to the
D3-charge that these D5 branes carry, under certain approximations.
In this paper, we find similar physics happened in terms of D0 branes. We start from
the near horizon geometry of N D0 branes which is dual to the BFSS matrix model [16],
and find that one can turn on additional transverse magnetic R-R 6-form flux and NS-NS
3-form flux whose Hodge duals can couple to D2 or NS5 charge and thereby to cause the
N D0 branes to polarize into various D2 or NS5 branes. We find that the D2 branes
2The three Φi are rescaled to make the three masses equal.
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polarized from the D0 branes in the presence of these additional fluxes have S2-wrapped
world-volumes and the radii of their S2 are proportional to the D0-charge they carry, under
certain approximations. We find that the general equilibrium brane configuration could
consist of many concentric D2 branes each with its radius proportional to its D0-charge.
We thus propose a holographic dual description of the 1/2 BPS classical vacua of
the BMN matrix model, using dual IIA solutions with brane configurations, in the cases
when all ni are large. In the appropriate regimes of parameters, there is a one-to-one
correspondence between the supergravity solutions in the bulk, where there are concentric
branes carrying D0-charge, and the 1/2 BPS classical vacua of the BMN matrix model
on the boundary, which are collections of fuzzy spheres. The concentric branes are either
D2 branes or NS5 branes, in the regimes of weak or strong effective ’t Hooft couplings,
respectively, in the matrix perturbation theory of the BMN matrix model [8]. In the D2
brane descriptions, each dual supergravity solution corresponds to a way of dividing up
and distributing the total D0-charge N to several D2 branes each with D0-charge ni, by an
identical partition of N in the matrix model side, in terms of fuzzy spheres. On the other
hand, in the NS5 brane descriptions, each dual supergravity solution also corresponds
to a way of dividing up and distributing the total D0-charge N to several NS5 branes,
but by a dual partition3 of N in the matrix model side. These concentric branes in the
supergravity side are holographically mapped to the fuzzy spheres in the matrix model
side. In the large r region of the supergravity solutions (where r is the radial variable of
the 9 spatial dimensions), the additional R-R 6-form flux and NS-NS 3-form flux are dual
to the deformation of the BFSS matrix model by adding mass terms and the Myers term.
These solutions of IIA when lifted up to 11 dimensions describe supergravitons polar-
ized into M2 or M5 branes. They are giant gravitons (e.g. [17], [18], [19]) each carrying
a fraction of the total light-cone momentum. The light-cone momentum of the N su-
pergravitons p+ =
N
R
are shared to several M2 branes each with light-cone momentum
p
(i)
+ =
ni
R
and with radius proportional to ni, in the same way as a partition of integer N .
In the M5 brane description, it is also a way of sharing the total light-cone momentum to
several M5 branes but by a dual partition of integer N [13].
The main body of the paper will focus on the details of construction of the dual
supergravity solutions in terms of D2 brane configurations by the Polchinski-Strassler
method, valid in the regimes of weak effective ’t Hooft couplings in the matrix perturbation
3Here, a dual partition of N is defined via switching the rows and columns of a Young tableau, see
e.g. [13] p.6.
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theory of the BMN matrix model [8]. In the next section, we study the R-R 6-form flux
G6 and NS-NS 3-form flux H3, in the large r region, as perturbation around the near
horizon geometry of N D0 branes. In section 3, we study the equilibrium radii of the S2
-wrapped D2 branes with D0-charge in the solutions with general brane configurations.
In section 4, we solve the fluxes H3 and G6 as being sourced by these polarized D0 branes
with D2-charge. In section 5, we study the metric and dilaton near each shell of the
branes as well as in the large r region. In the last section, we discuss related issues to our
results and also possible generalizations to the supergravity duals of M(atrix) theories on
less-supersymmetric plane-waves.
2 The R-R 6-form flux and NS-NS 3-form flux in the
large r region
Since the BMN matrix model can be considered as a deformation of the BFSS matrix
model, its dual supergravity solutions, in the large r region, can be considered as pertur-
bation around the near horizon geometry of N D0 branes, which in string frame is (e.g.
[22], [23]):
ds2 = −Z−1/2dt2 + Z1/2d−→x 2i , i = 1, ..., 9,
eΦ = gsZ
3/4, C1 = g
−1
s (Z
−1 − 1)dt, Z = R
7
r7
, (3)
where R7 = 60π3gsNα
′7/2.
The fluctuations around this background we are interested in are the R-R flux F˜4
and NS-NS flux H3 which are relevant to the couplings to the D2 or NS5 branes that
can be polarized from D0 branes. When these additional fluxes in large r region can be
considered as small fluctuations around the above background (3), it’s easy to see that
the perturbations of the metric, dilaton and F2 are all of second order or higher in the
fluctuations. Therefore if we neglect quantities that are of second order or higher in the
fluctuations, we only need to turn on these additional fluxes without giving corrections
to the background. For convenience, we can dualize the 4-form flux F˜4 into a transverse
4
6-form flux G6 via G6 = Z
3/8 ∗ F˜4, where ∗ is the Hodge dual with respect to the 10d
4By transverse we mean that the forms such as H3 and G6 etc. have all components transverse to the
D0 brane world-volume.
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metric in Einstein frame. After some derivation in appendix A, the equations of motion
for the transverse fluxes H3 and G6 turned out to possess a simple form:
dH3 = 0, (4)
dG6 = 0, (5)
d[Z−1(H3 − gs ∗9 G6)] = 0, (6)
d[Z−1(∗9H3 − gsG6)] = 0, (7)
where ∗9 is the Hodge dual in the transverse 9-d with respect to a flat 9-d metric. These
constraints tell us that H3 and G6 are both closed forms and Z
−1(H3 − gs ∗9 G6) is
annihilated by both d and d∗9 in the transverse 9 dimensions.
The solution should break the isometry SO(9) to SO(3)×SO(6), where the SO(3) is
the isometry of the 123 subspace and the SO(6) is the isometry of the other 6-d transverse
subspace. According to this isometry, in the large r, we should look for the fluxes of the
form
H3 = r
m(αT3 + βV3), (8)
G6 = r
n(γ ∗9 T3 + δ ∗9 V3), (9)
where T3 = dx
1 ∧ dx2 ∧ dx3 is the volume form of the 123 subspace and V3 is defined as
V3 = d ln r ∧ S2, where S2 = 12!εijkxi ∧ dxj ∧ dxk, (i, j, k = 1, 2, 3) and m,n, α, β, γ, δ are
constants.
By plugging this ansatz, the set of equations (4)-(7) admit four solutions in two pairs
(see appendix B). Each pair consists of one non-normalizable and one normalizable solu-
tion as follows5:
first pair :
H3 = αr
−7(T3 − 7
3
V3), G6 = g
−1
s αr
−7(
1
3
∗9 T3 − 7
3
∗9 V3), (10)
H3 = αr
−9 (T3 − 3V3) , G6 = g−1s αr−9(∗9T3 − 3 ∗9 V3), (11)
second pair :
H3 = αT3, G6 = g
−1
s α ∗9 T3, (12)
H3 = αr
−16(T3 − 16
3
V3), G6 = g
−1
s αr
−16(−5
3
∗9 T3 + 8
3
∗9 V3), (13)
5The solution with the n = 0 fluxes in (12), when uplifted to 11d, leads to the solution of the
“superposition” of the 11d gravitational wave and 11d plane-wave, as described in [6] p.20, [25].
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where the α in different lines are different. In the language of AdS/CFT correspondence,
the pair of n = −7 and n = −9 solutions6, i.e. (10), (11), corresponds to the operators
of mass deformation in the matrix model side and the VEV of it respectively [24]. As
will be shown in section 4, in the large r region, H3 and G6 are the superpositions of the
n = −7 and n = −9 solutions, while the n = −7 solution is of first order in the mass
parameter µ of the BMN matrix model, and the n = −9 solution is of third order in the
mass parameter µ (see appendix F).
Since our solutions are dual to 1/2 BPS classical vacua of BMN matrix model, we
should have 16 supersymmetries in our solutions. This is one of the differences between
the dual solutions of fuzzy sphere vacua of BMN matrix model and those of the N = 1∗
theory. In the Polchinski-Strassler case, the supersymmetry is broken from N = 4 to
N = 1 [26], [27], while in our case the solutions after turning on H3 and G6 still preserve
16 supersymmetries.
We therefore explicitly solved the Killing spinor perturbatively in first order in µ, when
we turn on the fluctuations of the n = −7 solution (10) of H3 and G6, which are of first
order in µ. The Killing spinor before perturbation is the Killing spinor ǫ(0) in the near
horizon geometry of N D0 branes, and the Killing spinor, after turning on H3 and G6
that are of first order in µ, could be written perturbatively as ǫ = ǫ(0) + ǫ(1), where ǫ(1) is
the perturbation of the Killing spinor, and is of first order in µ.
We can thereby split the gravitino equations and the dilatino equations order by order
in µ, and the equations for the first two orders in µ are7 (in string frame [28], see appendix
C): (
1
2
Γm∂mΦ +
3
8
eΦ 6 F2Γ11
)
ǫ(0) = 0, (14)(
∂m +
1
4
ωmabΓ
ab +
1
8
eΦ 6 F2ΓmΓ11
)
ǫ(0) = 0, (15)
(
1
2
Γm∂mΦ +
3
8
eΦ 6 F2Γ11
)
ǫ(1) = −
(
1
4
6 H3Γ11 +
1
8
eΦ˜6 F 4) ǫ(0), (16)(
∂m +
1
4
ωmabΓ
ab +
1
8
eΦ 6 F2ΓmΓ11
)
ǫ(1) = −
(
1
8
HmabΓ
abΓ11 +
1
8
eΦ˜6 F 4Γm) ǫ(0).(17)
6Here n is the scaling dependence of the fluxes on r in large r region.
7The letters with a slash denote the contractions of forms with gamma matrices, for example: 6 F 2 =
1
2!FabΓ
ab, 6 H3 = 13!HabcΓabc,˜6 F 4 = 14! F˜abcdΓabcd.
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The first pair of equations (14), (15), i.e. the zeroth order equations, give the unper-
turbed ǫ(0) which is known in the literature (e.g. [29], [30]):
ǫ(0) = Z−1/8η, (18)
where η is a constant spinor with definite helicity via projection condition (1+Γ0Γ11)η = η.
Input this result into the other pair of equations (16), (17), i.e. the first order equations,
we find that the first order correction ǫ(1) can be separated into a time-dependent part
ǫ
(1)
1 and a time-independent part ǫ
(1)
2 , and the former has the same helicity with the
unperturbed ǫ(0) while the latter has the opposite helicity to ǫ(0).
Explicit calculations are in appendix C and the results are8
ǫ = ǫ(0) + ǫ
(1)
1 + ǫ
(1)
2 , (19)
ǫ
(1)
1 =
1
12
· 1
3!
Z−1[Hlmn − gs(∗9G6)lmn]Γlmnǫ(0)t = − 1
12
µ˜(Γ123t)ǫ(0), (20)
ǫ
(1)
2 = µ˜(
1
6
Γixi − 1
12
Γaxa)Z1/2Γ123Γ0ǫ(0), (21)
where the fluxes in first order in µ are
H3 =
3
2
µ˜Z(−T3 + 7
3
V3), G6 =
3
2
g−1s µ˜Z(−
1
3
∗9 T3 + 7
3
∗9 V3), (22)
and Z = R
7
r7
.
We see from (22) that the leading terms of the fluxes H3 and G6 in the large r
region are proportional to the total D0-charge N of the branes and are independent of
the specific brane configurations in the small r region. Note that the equation for the
time-dependent part ǫ
(1)
1 yields a constraint that the components Z
−1[Hlmn−gs(∗9G6)lmn]
should be constants and therefore Z−1(H3− gs ∗9G6) need to be a constant 3-form in the
transverse 9-d (appendix C). This is indeed the case, since it equals to −µ˜T3.
So we have checked that our solutions with the fluxes in large r region in first order in
µ, i.e. the n = −7 solution, are supersymmetric, preserving the 16 supersymmetries. In
8In the expressions of the Killing spinors (20), (21), the various indices are: The indices l,m, n denote
1,...,9; the indices i denotes 1,2,3 and the indices a denotes 4,...,9; the indices of gamma matrices with a
bar below are the gamma matrices in tangent space. Here we consistently use another parameter µ˜ in all
the expressions instead of the mass parameter µ in BMN matrix model. They are proportional to each
other, i.e. µ˜ = ζµ, where ζ is a dimensionless factor of order 1, which may be figured out by comparing
the D2 potential (in section 3) with the matrix model action.
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section 4, we will see that the n = −9 solution is of third order in µ in large r region. In
order to check the supersymmetry when superposing the n = −7 and n = −9 in large r
region, we need to give second and third order corrections to the metric, dialton and F2.
One difference from the original Polchinski-Strassler solutions [4] is that we still preserve
all the supersymmetries of the unperturbed background after adding on the additional
fluxes. This is not surprising since the T3 in the expressions of our fluxes is maximally
symmetric under the isometry SO(3)×SO(6). The expressions for the fluxes H3 and G6,
as well as the Killing spinor in this section, are valid in large r region where the additional
fluxes can be considered as small fluctuations compared to the background. The H3 and
G6 near the brane sources will be discussed in section 4.
3 The position of D2 branes with D0 charge in the
small r region
In last section, we have studied the fluxes in the large r region, which are dual to the
operators of deformation in matrix model side. In this section, we will consider the small
r region, where there are branes which are the holographic maps of the fuzzy spheres in
the matrix model side. The general brane configurations in our solutions are concentric
shells of pi D2 branes each with qi D0-charge, where i denotes the ith shell, and
∑
i
piqi =
N . We will show that the radii of these D2 branes in our solution are proportional to the
D0-charge qi that they carry, under certain approximation.
In a general brane configuration corresponding to the partition N =
∑
i
piqi, each brane
is in an equilibrium position under the potential it feels in the presence of all branes.
The equilibrium radius of each brane corresponds to the location of the minimum of the
potential that the brane feels. Before we calculate the potential that each brane feels in
a general brane configuration, we will first solve a simpler problem. We will calculate the
potential of a probe D2 brane with D0-charge q in the background of the near horizon
geometry of single-center N D0 branes, with the n = −7 additional fluxes H3 and G6, i.e.
(22), turned on. Then we can generalize the result for the probe brane to the branes that
are not probes, in a general brane configuration.
The reason we can make this generalization is that there is certain configuration-
independence in our solutions, for example, as showed in section 2, the 3-form Z−1(H3 −
gs∗9G6) remains a constant form at large r, independent of what the brane configurations
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are in the small r region. In this section, we will show, under certain approximations, i.e.
condition (30), the brane potential is also configuration-independent. It only depends on
the radius of the S2 of the brane and the D0-charge of it, and doesn’t care about how the
other branes distribute, under this approximation.
In the probe calculation, we require that the D0-charge q it carries is much smaller
than the background D0-charge N so that it can be treated as a probe. However, we
can relax this condition later when we make the generalization, due to the configuration-
independence. The brane will take the shape of an S2 embedded in 123 subspace and
at the origin of the other six transverse dimensions. The DBI and WZ action of the D2
brane with q units of D0-charge in the string frame is
SD2 = −τD2
∫
d3σe−Φ
√
− det(Gαβ + 2πα′Fαβ) + τD2
∫
(C3 + 2πα
′F2 ∧ C1), (23)
where 2πα
′F2 = 2πα′F2 −B2. We choose the static gauge that the world-volume coordi-
nates are the same as the space-time ones, i.e. t, θ, ϕ, where the angles parameterize the
S2. The radius of the S2 in 123 subspace is denoted as r1. The D0-charge q of the D2
brane is realized as a world-volume 2-form flux F2 =
1
2
q sin θdθ ∧ dϕ. The B2 is given by
the n = −7 solution (22) of the H3 in section 2.
We will make an approximation that is similar to Polchinski-Strassler [4] that the
dominating terms in both DBI and WZ actions are from the contribution of F2, which
requires the conditions (see appendix D):
4π2α
′2 detF2
detG⊥
=
π2α
′2q2r31
R7
∼ q
2r31
gsN
≫ 1, 2πα
′
Fαβ
Bαβ
= −2πα
′
qr41
µ˜R7
∼ qr
4
1
gsN
≫ 1, (24)
where G⊥ is the pull-back metric parallel to the S
2. Under this approximation we can
expand the square-root in the DBI action around detF2 and then the leading terms in
the DBI and WZ actions precisely cancel (appendix D):
−τD2g−1s
∫
d3σZ−3/4
√
− detG
q
· 2πα′
√
detF2 + τD2
∫
2πα
′
F2 ∧ C1 = 0, (25)
where we choose the gauge C1 = g
−1
s Z
−1dx0 and G
q
is the pull-back metric parallel to
time. This is because that the leading terms in the DBI and WZ actions, which are both
contributed from the F2, describe the potential between D0 and D0 charges and it should
be zero due to supersymmetry. The two leading terms are both large but they cancel.
The subleading terms of the DBI and WZ actions are respectively:
−τD2g−1s
∫
d3σZ−3/4
√− detG
q
detG⊥
4πα′
√
detF2
=
∫
dt
(
−2τD2r
4
1
gsα
′q
)
, (26)
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τD2
∫
C3 =
∫
dt
(
4πτD2µ˜r
3
1
3gs
)
, (27)
where C3 =
1
3
g−1s µ˜dx
0 ∧ S2. These two terms in the brackets are of order r41 and µ˜r31
respectively, which can be identified with the commutator term Tr
(
1
4
[X i, Xj]2
)
and the
Myers term −Tr (iµ
3
ǫijkX
iXjXk
)
in the matrix model Lagrangian. There should be an-
other term of order µ˜2r21 coming from the second order corrections of the metric, dilation
and C1, which can be identified as −Tr 12
(
µ
3
)2
(X i)
2
in the matrix model Lagrangian. The
subleading terms of the DBI and WZ actions, plus the second order corrections from the
metric, dilation and C1 are expected to complete the potential with a perfect square, due
to supersymmetry condition. This is not surprising since this corresponds to the perfect-
square term − ∫ dt 1
2
Tr
(
µ
3
X i + iǫijkXjXk
)2
in the matrix model action [8]. So the third
term could be in principle read off from the first two terms.
By the approximation (24) and supersymmetry condition, the action should then be
S ≈ −
∫
dt
2τD2
gsα
′q
(
r21 −
π
3
µ˜α
′
qr1
)2
. (28)
So we see that the brane potential depends on the radius of the S2, i.e. r1, and its D0-
charge q, and is independent of the warp-factor Z under the approximation (24). The
subleading term in DBI action is Z-independent since both Z factors from numerator
and denominator exactly cancel (appendix D). The subleading term in WZ action is
also Z-independent because C3 is Z-independent. And the third term should also be
Z-independent due to supersymmetry. Therefore the potential of the brane only cares
about its D0-charge and is independent of the brane configuration of the solution under
this approximation. The potential of a non-probe D2 brane with D0-charge in a general
brane configuration is thus still of the form (28). There is a non-trivial equilibrium radius
at
r0 ≈ π
3
µ˜α
′
q, (29)
which is proportional to the D0-charge q. This is similar to the matrix model description
of the fuzzy spheres that each of them has a radius proportional to the size q of its block
matrix-coordinates [2], [8], up to a non-commutativity correction [12].
After knowing the equilibrium radius r0, we get the consistent condition for our ap-
proximation from (24) that
q5
gsN
≫ 1. (30)
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This is a kind of scaling bound between q and gsN , where q is the D0-charge of the D2
brane and N is the background D0-charge9. The approximation (30) actually guarantees
that the contributions to the DBI and WZ actions are both from the D0-charge but they
cancel and then the remaining terms form a perfect square and is independent of the
brane configuration and the warp-factor.
So in our general brane configurations, suppose there are concentric shells of pi D2
branes each with D0-charge qi (the label i denotes the ith shell), the total potential of all
the branes can be considered as the sum of individual potentials and we have:
S ≈ −
∫
dt
∑
i
2τD2pi
gsα
′qi
((
r
(i)
1
)2
− π
3
µ˜α
′
qir
(i)
1
)2
, (31)
where r
(i)
1 denote the radii of the S
2 of the branes on the ith shell and their equilibrium
radii r
(i)
0 are therefore
r
(i)
0 ≈
π
3
µ˜α
′
qi,
∑
i
piqi = N. (32)
Note that there could be coincident pi D2 branes on the same shell if they have the same
amount of D0-charge qi, which corresponds to some copies of the irreducible representa-
tions of the SU(2) of the same dimension, in the matrix model side.
4 The additional fluxes in the presence of polarized
sources
In section 2, we focused on the large r region and found out the additional fluxes H3 and
G6, as perturbations around the near horizon geometry of N D0 branes. In section 3, we
have studied the situations in the small r region and figured out the radius of each D2
brane, in general configurations. The leading terms of these fluxes H3 and G6 in the large
r region depend on the total D0-charge of all the branes and are independent of the brane
configurations, while in the small r region these fluxes are dependent on specific brane
configurations. The expressions for the fluxes in section 2 are not valid near the brane
9This is very similar to the condition for the approximation in the original Polchinski-Strassler solution,
i.e. n
2
gsN
≫ 1 [4], where n was the D3-charge of the D5 brane and N was the background D3-charge. We
have different powers of n (or q) because the powers of the r in the warp-factor Z is different. In their
case Z = R
4
r4
, while in our case Z = R
7
r7
. The warp-factor dilutes the background charge so the power
dependence of n (or q) for different Z is different.
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sources. In this section we will therefore study the behavior of H3 and G6 in the presence
of these sources.
For simplicity of the calculation, we study the special case when there is only a single
shell of D2 branes with total D0-charge N . Suppose we have p coincident D2 branes each
with D0-charge q = N/p, so the radius of the shell is r0 ≈ π3 µ˜α
′
(N/p). We study the case
that the total D2-charge p is small, so the background metric can be approximated by the
near horizon geometry of multi-center D0 branes distributed on the S2 with radius r0.
The equation for ∗F˜4 will have a source term due to the D2-charge. We are interested
in the H3 and G6 on the background of the near horizon geometry of a shell of multi-center
D0 branes with small D2-charge turned on. We are now doing perturbation in terms of
small parameter p. The warp-factor Z = R
7
r7
is replaced by the multi-center warp factor
Z1 in solution (3):
Z1 =
R7
10r1r0
[
1
[(r1 − r0)2 + r22]5/2
− 1
[(r1 + r0)2 + r22]
5/2
]
, (33)
which is the superposition of harmonic functions, corresponding to D0-charge uniformed
distributed on an S2 with radius r0 in the 123 subspace and centered at the origin of the
other 6-d transverse subspace. Here r1 is the radius of 123 subspace and r2 is the radius
of the other 6-d transverse subspace. Its easy to see that Z1 reduces to Z =
R7
r7
at large r.
The IIA SUGRA equations for H3 and G6 on the background of the near horizon
geometry of a single shell of multi-center D0 branes with radius r0 and small D2-charge
p should be (see appendix E):
dH3 = 0, (34)
dG6 = J7, (35)
d[Z−11 (H3 − gs ∗9 G6)] = 0, (36)
d[Z−11 (∗9H3 − gsG6)] = 0, (37)
where there is a source term J7 due to D2-charge:
J7 = 2κ
2τD2g
−2
s pδ(r1 − r0)δ6(r2)dr1 ∧ dr2 ∧ ω5, (38)
where δ6(r2) = δ(x4)δ(x5)δ(x6)δ(x7)δ(x8)δ(x9) and ω5 = r
5
2 · dvol(S5), where dvol(S5)
denotes the volume-form of an S5 with unit radius embedded in 456789 subspace and
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centered at origin. The source term appears in the Bianchi identity but not in the equa-
tions for Z−11 (H3 − gs ∗9 G6) and its 9-d Hodge dual10.
The equations for Z−11 (H3 − gs ∗9 G6) remain the same as in (6), (7), just with Z
replaced by Z1. Furthermore, since when r goes to infinity, this form is a constant form,
we infer that the harmonic form Z−11 (H3 − gs ∗9 G6) = −µ˜T3. Although H3, G6, Z1 all
depend on the brane configurations, the combination Z−11 (H3−gs ∗9G6) is independent of
the brane configurations. This also results in that the potential C3 is independent of the
warp-factor Z1 and the brane configurations. The difference between equations (4)-(7)
and (34)-(37), besides that Z is replaced by a multi-center warp-factor Z1, is that there
is a source term for G6 since we have introduced D2 sources on this shell.
We can split both H3 and G6 into two pieces respectively:
G6 = G
(I)
6 +G
(II)
6 , (39)
H3 = H
(I)
3 + gs ∗9 G(II)6 , (40)
where H
(I)
3 , G
(I)
6 still satisfy the whole four equations (4)-(7) with Z replaced by the multi-
center Z1. In large r region when expanded around r0, the leading terms of H
(I)
3 , G
(I)
6 will
reduce to the n = −7 solution in section 2. H(I)3 , G(I)6 are the contribution to the fluxes
as if there were no D2 source.
The influence of D2 source on the fluxes are mainly on G
(II)
6 , whose equations are now:
dG
(II)
6 = J7, d ∗9 G(II)6 = 0. (41)
The contribution of G
(II)
6 is dominant over G
(I)
6 very close to the shell since it has the
delta function as source. Since ∗9G(II)6 is closed, it can be written as
∗9G(II)6 = (r−21 ∂1hdr1 + r−21 ∂2hdr2) ∧ ω2, (42)
where ω2 = r
2
1 ·dvol(S2), and dvol(S2) denotes the volume-form of an S2 with unit radius
embedded in 123 subspace and centered at origin, and ∂1 ≡ ∂∂r1 , ∂2 ≡ ∂∂r2 . h is a function
of r1, r2. The solution (see appendix F for more detail) can be expressed through the
function defined as Y = r−21 ∂1h, and we have
Y =
4πCκ2τD2g
−2
s pr
2
0
5r1
∂r0
(
r−10
[
1
[(r1 + r0)2 + r
2
2]
5/2
− 1
[(r1 − r0)2 + r22]5/2
])
, (43)
10Since in our case the forms H3 and F4 both have overall factors of the volume-form of the S
2 in 123
subspace due to the isometry SO(3) × SO(6), the terms F4 ∧H3 and F4 ∧ F4 are zero and drop off on
the right sides of (35), (37).
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where the notations of the coefficients in Y are in appendix F.
The leading terms of G
(II)
6 and H
(II)
3 = gs ∗9 G(II)6 expanded in terms of r0, in the
region where r1 ≫ r0, is precisely the n = −9 solution in section 2, and it is of third order
in r0 and thereby of third order in µ in large r region (see appendix F). The contribution
of G
(II)
6 is dominant over G
(I)
6 very close to the shell of the brane since it has the delta
function as source, while in large r the situation is reversed and G
(I)
6 becomes dominant
over G
(II)
6 instead. We see the consistency in the calculation of the fluxes in the presence
of the sources since the solutions of H
(I)
3 , G
(I)
6 and H
(II)
3 , G
(II)
6 in this section are the full
solutions which just reduce to the n = −7 and n = −9 solutions in large r region in
section 2 respectively.
5 Metric and dilaton in large r region and near each
shell
In this section, we come to the discussion on the metric and dilaton. The situation is
similar to Polchinski-Strassler [4] that in most regions away from the shells, the D0-charge
dominates, and in the regions very close to the shells, the D2-charge dominates instead.
This switch of the role of the dominance is also reflected in the change of the dominance
between H
(I)
3 , G
(I)
6 and H
(II)
3 , G
(II)
6 as discussed in last section. We will discuss the metric
and dilaton in two limiting regions in this section. One is in the large r region and the
other is very near each shell.
The general brane configuration in our solutions are concentric branes with various
D0-charge and radii. In the large r region, since the D0-charge dominates, the metric,
dilaton and F2 are very close to the near horizon geometry of multi-center D0 branes with
warp-factor Z1 corresponding to the distributions of these concentric shells of D0 branes.
For the general configuration of several concentric shells of S2-wrapped branes with the
ith shell having pi coincident D2 branes each with qi units of D0-charge (N =
∑
i
piqi
and the D0-charge qi are all large and distribute uniformly on the spheres), the warp
factor Z1 in the solution of the near horizon geometry of multi-center D0 branes, as the
superposition of harmonic functions, should be
Z1 =
∑
i
R7i
10r1r
(i)
0
[
1
[(r1 − r(i)0 )2 + r22]5/2
− 1
[(r1 + r
(i)
0 )
2 + r22]
5/2
]
, (44)
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where R7i = 60π
3gs(piqi)α
′7/2 and r
(i)
0 ≈ π3 µ˜α
′
qi.
Now we will look at the metric and dilaton near each shell of branes, say the ith
shell. The total D0-charge of this shell is Ni = piqi and radius of this shell is r
(i)
0 ≈
π
3
µ˜α
′
qi. Very close to each shell, the D0-charge no longer have dominant influence over
D2-charge since the metric parallel to the shell expand and D0-charge are diluted. We
can approximate the metric and dilaton near the S2, e.g. without loss of generality, near
the point (x1, x2, x3) = (0, 0, r
(i)
0 ), by the solution of pi flat D2 branes with B2 potential
on its spatial world-volume [20], [21] (in string frame):
ds2 =
α
′5/2u
5/2
i
6π2gsa
5/2
i pi
(
−dt2 + 1
1 + a5iu
5
i
(dx˜2i1 + dx˜
2
i2)
)
+
6π2gsa
5/2
i pi
α′1/2u
5/2
i
(du2i + u
2
idΩ
2
6),
e2Φ =
(6π2)3g5sa
15/2
i p
3
i
α′15/2u
15/2
i
(
a5iu
5
i
1 + a5iu
5
i
)
, (45)
where the label i denotes the ith shell. x˜i1,x˜i2 parameterize the spatial part of the D2
branes, ui is the energy direction away from the ith shell of branes in the transverse
direction and ai is a constant that will be worked out in (49).
Since there is B2 field on the D2 branes in solution (45), the D2 branes can couple
to C1 and there is D0-charge on the D2 branes. Suppose we are looking at regions only
near the ith shell but not the other shells at the same time. When away from this shell
of branes such that a5iu
5
i ≫ 1, i.e. a
5
i
u5
i
1+a5
i
u5
i
≈ 1, the above metric and dilaton (45) match
exactly with the near horizon geometry of multi-center D0 branes, near this shell of branes
(xl: x1, x2, x3 and xa: x4, ..., x9):
ds2 = −
√
10r
(i)
0 ρ
5/2
i
R
7/2
i
dt2 +
R
7/2
i√
10r
(i)
0 ρ
5/2
i
(d−→x 2l + d−→x 2a),
e2Φ = g2sZ
3/2
1 =
g2sR
21/2
i
103/2
(
r
(i)
0
)3
ρ
15/2
i
, (46)
where r
(i)
0 ≈ π3 µ˜α
′
qi, R
7
i = 60π
3gs(piqi)α
′7/2. We used the multi-center warp-factor Z1 in
(44) approximated near the ith shell of the brane source, and ρi is the distance away from
the ith shell:
Z1 ≈ R
7
i
10
(
r
(i)
0
)2
ρ5i
, (47)
ρi = [(r1 − r(i)0 )2 + r22]1/2. (48)
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We can define a cross-over distance ρ
(i)
c as the distance away from the brane where
aiui = 1, which could characterize the regions of influence of the D2-charge. In order
for the match to be valid, we need when away from the shell the two approximations
a5
i
u5
i
1+a5
i
u5
i
≈ 1, (i.e. ρi ≫ ρ(i)c ) and Z1 ≈ R
7
i
10
(
r
(i)
0
)2
ρ5
i
, (i.e. ρi ≪ r(i)0 ) are both valid. This
requires the match to happen in the region ρ
(i)
c ≪ ρi ≪ r(i)0 , so for our approximation to
be valid we need the parameters satisfy ρ
(i)
c ≪ r(i)0 .
Under this approximation, the dilaton and metric match exactly and we thereby found
the relation between the parameters and variables by comparing the two solutions (45),
(46):
ui =
ρi
α′
, ai =
(
R
7/2
i√
10r
(i)
0 · 6π2gspi
)2/5
, ρ(i)c = α
′
(√
10r
(i)
0 · 6π2gspi
R
7/2
i
)2/5
,
x˜i1,i2
x1,2
=
R7i
10
(
r
(i)
0
)2
α′5/2 · 6π2gspi
. (49)
So the metric and dilaton near the ith shell can be written as
ds2 = −
√
10r
(i)
0 ρ
5/2
i
R
7/2
i
dt2 +
R
7/2
i√
10r
(i)
0 ρ
5/2
i
(dx23 + d
−→x 2a) +
R
7/2
i ρ
5/2
i
√
10r
(i)
0
(
ρ5i +
(
ρ
(i)
c
)5)(dx21 + dx22),
e2Φ =
g2sR
21/2
i
103/2
(
r
(i)
0
)3
ρ
5/2
i
(
ρ5i +
(
ρ
(i)
c
)5) , (50)
and as discussed above it is valid when
r
(i)
0
ρ
(i)
c
∼
(
q5i
gsNi
)1/5
≫ 1, (51)
which is just
q5
i
gsNi
≫ 1, where qi is the D0-charge of each D2 brane on the ith shell and Ni
is the total D0-charge of the ith shell. This is the same scaling bound condition as (30)
in section 3.
For general brane configurations of several shells, the metric and dilaton in complete
regions are very difficult to solve explicitly, but it’s clear that in large r region they
approach the near horizon geometry of multi-center D0 branes with warp-factor Z1 in
(44), and near each shell they are approximated as the solutions in (50). In special cases
when there is only one single shell of branes, the metric and dilaton may be expressed
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approximately valid in all regions. Suppose there are p D2 branes each with D0-charge
q on this single shell. pq = N is the total D0 charge and the radius is r0 ≈ π3 µ˜α
′
q. The
solution near the brane can be obtained from (50) by identifying pi = p, qi = q. And then
we can generalize the solution near the shell to all regions by replacing the warp-factor
Z1 ≈ R710r20ρ5 , approximated near the shell as in (47), with the warp-factor Z1 in all regions
as in (33). The validity of this approximation is again from (51), i.e. q
5
gsN
≫ 1.
6 Related issues and generalizations to other plane-
wave M(atrix) theories
So far we have constructed the supergravity solutions dual to the 1/2 BPS concentric
fuzzy sphere vacua of the BMN matrix model using the method of the Polchinski-Strassler
solution, which is the string dual of the N = 1∗ theory. In this last section, we discuss
some related issues or remaining issues to our discussions above.
Each 1/2 BPS vacuum of BMN matrix model can be represented by a Young tableau
[13], [9] and it can be interpreted as either concentric D2 branes or concentric NS5 branes,
in different regimes of parameters [8], [13]. The configurations in terms of concentric shells
of D2 branes have their validities as dual descriptions when the effective ’t Hooft coupling
in the matrix perturbation theory of the BMN matrix model when expanding around
each fuzzy sphere is small11 [8], [13]. When the effective ’t Hooft couplings are small,
the interactions are smaller than the harmonic oscillator energies expanded around these
fuzzy spheres, and the BMN matrix model can be studied perturbatively around these
fuzzy spheres [8]. The concentric D2 brane configurations are therefore good descriptions
of the BMN vacua when these parameters are small. For fixed partition of N , we can
always tune µ and R to satisfy these conditions. For fixed µ and R, it is relatively safer
to expand around a fuzzy sphere when the numbers of the coincident spheres are smaller
and the matrix size of the sphere is larger [8].
We have analyzed the descriptions of the vacua in terms of concentric D2 branes in
the regime of weak effective ’t Hooft couplings and we haven’t studied the situation of the
concentric NS5 branes in detail, which are expected to be valid in the regime of strong
11The effective ’t Hooft coupling is pi
(
1
µp
(i)
+
)3
[8], where p
(i)
+ =
qi
R
is the light-cone momentum of the
M2 brane on the ith shell and pi is the number of coincident M2 branes on the ith shell.
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effective ’t Hooft couplings. The NS5 branes polarized from D0 branes should also have
equilibrium radii with these additional fluxes turned on since it can couple to the dual of
the NS-NS 3-form flux and the 3-form potential via world-volume 3-form flux.
In fact, there could be smooth solutions that are dual to these vacua. The smooth
solutions and the solutions with brane configurations studied in this paper may be related
by geometric transitions (e.g. [32]), where branes and fluxes get replaced with each other.
There are less supersymmetric vacua and time-dependent vacua e.g. [8], [10], [33], [34],
[35], [37] that we have not discussed. For example, it would be interesting to understand
such as the 1/4 BPS rotating elliptic fuzzy spheres described by [34], and the 1/4 BPS
rotating fuzzy spheres by [36]. There are also instanton solutions [37] which are similar to
the domain wall solutions in the N = 1∗ theory [38]. It would be good to understand the
dual descriptions of the vacua in the model that is less supersymmetric and/or non-static.
The Polchinski-Strassler type solution has been widely generalized and applied to many
other situations in terms of other branes (e.g. [39], [40], [41], [42]). One can conjecture
that the Polchinski-Strassler type solution is universal for any Dp branes [31], which can
be polarized to Dp+2 or NS5 branes in the presence of the additional R-R and NS-NS
fluxes on the background of the near horizon geometry of N Dp branes and the resulting
solutions are dual to the mass-deformed world-volume field theory of N Dp branes. In
each such solution, we have a pair of R-R and NS-NS fluxes and this is mainly because
we have two channels of polarizations. The R-R flux is more responsible for polarization
to Dp+2 branes, while the NS-NS flux is more responsible for polarization to NS5 branes.
The construction of dual supergravity descriptions to the BMN matrix model may
be generalized to those of the M(atrix) theories on less supersymmetric plane-wave back-
grounds [43], [44]. For a general plane-wave matrix theory with lagrangian, e.g. [43],
[25]:
L =
1
2
Tr{
∑
i
(D0X
i)2 +
∑
i,j
1
2
[X i, Xj]2 + iψTD0ψ − ψTγi[X i, ψ]
−
∑
i
µ2i
(
X i
)2
+
2
3
iT˜ijkX
iXjXk − 1
4
iψT ˜6 Tψ}, (52)
where ˜6 T= 1
3!
T˜ijkγ
ijk,
∑
i
µ2i =
∑
i,j,k
1
12
(T˜ijk)
2, there might exist supergravity duals which are
similar to the case of the BMN matrix model. In the large r region, the dual supergravity
solutions can also be considered as perturbations around the near horizon geometry of N
D0 branes by the additional fluxes H3 and G6, which should also satisfy equations (4)-
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(7), and the form Z−1(H3 − gs ∗9 G6), where Z = R7r7 , should thereby also be annihilated
by both d and d∗9 in the transverse 9-d. When r goes to infinity it should approach a
constant form, so the additional fluxes should satisfy the relation in large r region as:
Z−1(H3 − gs ∗9 G6) ∝ T˜3, (53)
where T˜3 =
1
3!
T˜ijkdx
i ∧ dxj ∧ dxk, and T˜ijk are the coefficients of the Myers term in the
corresponding M(atrix) theory on the general plane-wave background. Thereby one can
conjecture that the perturbation by these mass terms and Myers terms are dual to turning
on these additional fluxesH3 andG6 causing D0 branes to polarize into some non-spherical
branes. The brane configuration would be more difficult to describe than the case of the
BMN matrix model. For example, in the M(atrix) theory on the background of T-dual of
the IIB pp-wave lifted to 11d, the BPS vacua correspond to M2 branes polarized into M5
brane, where the M2 branes distributed on a fuzzy ellipsoid [44]. So generally, the brane
in the small r region would take the shape that corresponds to the classical static solution
in the corresponding M(atrix) theory and it should also equivalently be the shape of a
probe brane in the presence of external fluxes H3 and G6.
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A IIA equations for fluxes
The IIA equations of motion in this appendix are in Einstein frame and in the convention
of [45]. The bosonic equations of motion are:
d ∗ d(Φ) = −1
2
gse
−ΦH3 ∧ ∗H3 + 3
4
g1/2s e
3Φ/2F2 ∧ ∗F2 + 1
4
g3/2s e
Φ/2F˜4 ∧ ∗F˜4, (54)
d(e3Φ/2 ∗ F2) = gseΦ/2H3 ∧ ∗F˜4, (55)
d(eΦ/2 ∗ F˜4) = −g1/2s F4 ∧H3, (56)
1
2
gsF4 ∧ F4 = d(e−Φ ∗H3 + g1/2s eΦ/2C1 ∧ ∗F˜4), (57)
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where F2 = dC1, F4 = dC3, H3 = dB2, F˜4 = F4 − C1 ∧H3, and the Bianchi identities are:
dF2 = 0, dF4 = 0, dH3 = 0. The relation between the Einstein frame metric and string
frame metric is (Gµν)Einstein = g
1/2
s e−Φ/2 (Gµν)string.
The unperturbed background is the near horizon geometry ofN D0 branes. In Einstein
frame it is
ds2 = −Z−7/8dt2 + Z1/8d−→x 2i , i = 1, ..., 9,
eΦ = gsZ
3/4, C1 = g
−1
s (Z
−1 − 1)dt, Z = R
7
r7
. (58)
The perturbed fluxes H3 and F˜4 are small fluctuations in large r region. The per-
turbed terms in the right sides of equation (54), (55), if non-zero, are at least of second
order fluctuations. Therefore if neglecting the terms of second or higher orders in the
fluctuations, the equations for the dialton and F2 still have the form:
d ∗ d(Φ) = 3
4
g1/2s e
3Φ/2F2 ∧ ∗F2, d(e3Φ/2 ∗ F2) = 0, dF2 = 0. (59)
And therefore the other fluxes H3 ,F˜4 obey:
d(Z3/8 ∗ F˜4) = 0, dH3 = 0. (60)
dF4 = 0, d(g
−1
s Z
−3/4 ∗H3 + gsZ3/8C1 ∧ ∗F˜4) = 0. (61)
From (60) we can define G6 = Z
3/8 ∗ F˜4, so that dG6 = 0. We can write (61) in
terms of the 9-d Hodge dual ∗9 in the transverse 9-d with respect to the flat metric:
∗H3 = dx0 ∧ (−Z−1/4 ∗9H3), F˜4 = dx0 ∧ (−Z−1 ∗9G6), then from (61) we precisely arrive
at equation (6), (7) in section 2.
B Linearized solutions of fluxes
In this appendix we discuss linearized solutions of additional fluxes in terms of tensor
harmonics. Without loss of generality, we can define a T3 analogous to Polchinski-Strassler
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[4] as follows:
T3 = dr1 ∧ ω2 = dx1 ∧ dx2 ∧ dx3, (62)
S2 = r1ω2 =
1
2!
εijkx
i ∧ dxj ∧ dxk, dS2 = 3T3, (63)
V3 = d ln r ∧ S2 = r
2
1
r2
dr1 ∧ ω2 + r1r2
r2
dr2 ∧ ω2 (64)
=
r21
r2
dx1 ∧ dx2 ∧ dx3 + 1
2!
xaxi
r2
εijkdx
a ∧ dxj ∧ dxk, (65)
(i, j, k = 1, 2, 3, a = 4, ..., 9)
where the definition of ω2, ω5 are in section 4. Then
∗9 T3 = dr2 ∧ ω5, (66)
∗9V3 = r
2
1
r2
dr2 ∧ ω5 − r1r2
r2
dr1 ∧ ω5. (67)
If we search for the solutions of the form in large r region according to the isometry
SO(3)× SO(6):
H3 = r
m(αT3 + βV3), G6 = g
−1
s r
n(γ ∗9 T3 + δ ∗9 V3), (68)
where m,n, α, β, γ, δ are constants. The g−1s factor in the ansatz for G6 is introduced for
convenience in this appendix. The four equations (4), (5), (6), (7) give the constraints:
dH3 = 0, ⇒ β = m
3
α. (69)
dG6 = 0, ⇒ δ = − n
n+ 6
γ. (70)
d[Z−1(H3 − gs ∗9 G6)] = 0, ⇒ 7αrm − n
2 + 16n+ 42
n + 6
γrn = 0. (71)
d[Z−1(∗9H3 − gsG6)] = 0, ⇒ m
2 + 16m+ 21
3
αrm − 42
n + 6
γrn = 0. (72)
Since in the perturbation, α, γ cannot be both zero, we need m,n to be equal, and
then we get
n(n + 16)(n+ 7)(n+ 9) = 0. (73)
This leads to 4 solutions that are two pairs of non-normalizable and normalizable
solutions in (10), (11), (12), (13) in section 2.
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C Killing spinors
The IIA susy transformation rules we used are in string frame (e.g. [28]):
δψm = [(∂m +
1
4
ωmabΓ
ab +
1
8
eΦ 6 F2ΓmΓ11) + (1
8
HmabΓ
abΓ11 +
1
8
eΦ˜6 F 4Γm)]ǫ, (74)
δλ = [(
1
2
Γm∂mΦ +
3
8
eΦ 6 F2Γ11) + (1
4
6 H3Γ11 + 1
8
eΦ˜6 F 4)]ǫ, (75)
where letters with a slash denote the contractions of forms with gamma matrices: 6 F2 =
1
2!
FabΓ
ab, 6 H3 = 13!HabcΓabc,˜6 F 4 = 14! F˜abcdΓabcd and similarly for other forms.
The unperturbed Killing spinors ǫ(0) in the absence of H3, G6 satisfy:
[
1
2
Γm∂mΦ +
3
8
eΦ 6 F2Γ11]ǫ(0) = 3
8
Z−5/4Γi∂iZ(1 + Γ
0Γ11)ǫ(0) = 0, (76)
[∂0 +
1
4
ω0abΓ
ab +
1
8
eΦ 6 F2Γ0Γ11]ǫ(0) = [∂0 + 1
8
Z−3/2Γ0Γi∂iZ(1 + Γ
0Γ11)]ǫ(0) = 0, (77)
[∂i +
1
4
ωiabΓ
ab +
1
8
eΦ 6 F2ΓiΓ11]ǫ(0) = [(∂i + 1
8
Z−1∂iZ)− 1
8
Z−1∂iZ(1 + Γ
0Γ11)
+
1
8
Z−1ΓiΓj∂jZ(1 + Γ
0Γ11)]ǫ(0) = 0. (j 6= i), (78)
where the indices i, j denotes 1,...,9 and the indices of gamma matrices with a bar below
are the gamma matrices in tangent space. So we have the already familiar result (e.g.
[29], [30]):
ǫ(0) = Z−1/8η, (79)
where η is a constant spinor satisfying (1+Γ0Γ11)η = 0. The Killing spinors in the presence
of small fluctuations of H3, G6 can be written as
ǫ = ǫ(0) + ǫ(1), (80)
where ǫ(1) is the perturbation around ǫ(0). When we turn on the H3, G6 that are of first
order in µ, ǫ(1) is of order µ. The variations of gravitino and dilatino of the first order in
µ give:
3
8
Z−5/4Γi∂iZ(1 + Γ
0Γ11)ǫ(1) = −[1
4
6 H3Γ11 + 1
8
eΦ˜6 F 4]ǫ(0), (81)
[∂0 +
1
8
Z−3/2Γ0Γi∂iZ(1 + Γ
0Γ11)]ǫ(1) = −[1
8
H0abΓ
abΓ11 +
1
8
eΦ˜6 F 4Γ0]ǫ(0), (82)
[(∂i +
1
8
Z−1∂iZ)− 1
8
Z−1∂iZ(1 + Γ
0Γ11) +
1
8
Z−1ΓiΓj∂jZ(1 + Γ
0Γ11)]ǫ(1)
= −[1
8
HiabΓ
abΓ11 +
1
8
eΦ˜6 F 4Γi]ǫ(0). (j 6= i.) (83)
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Now we can first consider the dilatino variation (81) involving ǫ(1). Since ǫ(0) is not
time-dependent while ǫ(1) is time-dependent, the time-dependent part of ǫ(1) should be
annihilated by (1 + Γ0Γ11). So we can decompose ǫ(1) into two parts: ǫ(1) = ǫ
(1)
1 + ǫ
(1)
2 ,
where ǫ
(1)
1 is time-dependent and ǫ
(1)
2 is not time-dependent.
We can then split dilatino equation (81) into two equations:
(1 + Γ0Γ11)ǫ
(1)
1 = 0, (84)
Γi∂iZ(1 + Γ
0Γ11)ǫ
(1)
2 = −
8
3
Z5/4[
1
4
6 H3Γ11 + 1
8
eΦ˜6 F 4]ǫ(0). (85)
Substituting (84), (85) into the time-component of the gravitino variation, equation
(82), and the spatial components of gravitino variation, equation (83), we have:
∂0ǫ
(1)
1 =
1
12
Z−1/4Γ0[6 H3Γ11 − eΦ˜6 F 4]ǫ(0), (∂i + 18Z−1∂iZ)ǫ(1)1 = 0. (86)
Since the right side of the first equation in (86) is time-independent, we solve that ǫ
(1)
1
is linear in time:
ǫ
(1)
1 =
1
12
· 1
3!
Z−1[Hijk − gs(∗9G6)ijk]Γijkǫ(0)t, (87)
and ǫ
(1)
1 has the same helicity to ǫ
(0). The spatial-independence of Z−1/8ǫ
(1)
1 from the
second equation in (86) and (79) imply:
Z−1[Hijk − gs(∗9G6)ijk] = const. (88)
The discussion so far doesn’t require SO(3)× SO(6) symmetry but only that the fluxes
H3 and G6 be small. There are stronger constraints than merely that Z
−1[H3 − gs ∗9 G6]
would be a constant from the spatial part of the gravitino variation involving ǫ
(1)
2 from
(83):
[(∂i +
1
8
Z−1∂iZ)− 1
8
Z−1∂iZ(1 + Γ
0Γ11) +
1
8
Z−1ΓiΓj∂jZ(1 + Γ
0Γ11)]ǫ
(1)
2
= [−1
8
HiabΓ
ab +
1
8
Z1/4 6 G3Γi]Γ0ǫ(0), (89)
where we define G3 = gs ∗9 G6. If contracting both sides of equation (89) with Γi, and
input equation (85), and then acting on both sides the projection (1 − Γ0Γ11), the right
side becomes zero and we have
(1− Γ0Γ11)ǫ(1)2 = 0. (90)
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So ǫ
(1)
2 has the opposite chirality with respect to ǫ
(0) and ǫ
(1)
1 .
From now on, we will use the indices l, m, n to denote 1,2,3,4,...,9, the indices i, j, k
to denote 1,2,3, and the indices a, b, c to denote 4,...,9, for convenience. Applying the
projection condition (90) on ǫ
(1)
2 and then equation (85) becomes:
Γl∂lZǫ
(1)
2 = −
4
3
Z5/4
[
1
4
6 H3 + 1
8
6 G3
]
Γ0ǫ(0). (91)
Substituting (91) into (89) and using the projection condition (90), we have 9 individ-
ual spatial equations:
∂l[Z
−3/8ǫ
(1)
2 ] = Z
−1/4
[
1
12
Γl 6 H3 − 1
8
HlmnΓ
mn +
1
24
Γl 6 G3 + 1
8
6 G3Γl
]
Γ0η. (92)
Now if the we look at the fluxes in the ansatz (8), (9) and combine the first supersym-
metry condition from (88), we have
H3 = R
7r−7(−αT3 − βV3), G3 = R7r−7(γT3 − βV3), (93)
where α, β, γ are constants.
By dimensional analysis from equation (91), (92), one finds that ǫ
(1)
2 after extracted
out the Z3/8 factor should be linear in xl so we can try the ansatz:
ǫ
(1)
2 = (µ1Γ
ixi + µ4Γ
axa)Z3/8Γ123Γ0η, (94)
where µ1, µ4 are constants. Then comparing the left and right side of equation (91), we
get the relation
µ1 =
−2α + γ
42
− β
14
, µ4 =
−2α + γ
42
. (95)
Comparing the left and right side of equation (92), we get another relation
µ1 =
α + γ
6
, µ4 = −α + γ
12
. (96)
This shows µ1 : µ4 = 2 : −1, and combine with (95) and (96) we have α : β : γ = 3 : −7 :
−1, which is just our n = −7 solution (22) in section 2.
D Approximation of D2 potential
In this appendix, we write some details in the approximation of D2 potential in section 3.
The DBI and WZ action of the a D2 brane with q units of D0 charge in the string frame
is in (23)
SD2 = −τD2
∫
d3σe−Φ
√
− det(Gαβ + 2πα′Fαβ) + τD2
∫
(C3 + 2πα
′F2 ∧ C1), (97)
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where 2πα
′F2 = 2πα′F2−B2. We choose the gauge that the world-volume coordinates are
the same as the space-time ones, i.e. t, θ, ϕ, where the angles parameterize the S2. G
q
, G⊥
are the pull-back metrics parallel to the time and the spherical directions respectively, so
we have:
detG
q
= −Z−1/2, detG⊥ = Zr41 sin2 θ, (98)
where r1 is the radius in 123 subspace.
The D0-charge of the D2 brane is q, so the world-volume 2-form fluxes F2 is:
F2 =
1
2
q sin θdθ ∧ dϕ,
∫
S2
F2 = 2πq, (99)
so we have Fθϕ =
1
2
q sin θ, detF2 =
1
2
FαβF
αβ detG⊥ =
q2
4
sin2 θ, FαβF
αβ = q
2
2Zr41
.
Suppose the dominating terms in both DBI and WZ actions are from the contribution
of F2, which requires the conditions (24) then we can expand the square-root in the DBI
action as√
− det(Gαβ + 2πα′Fαβ) ≈
√
− detG
q
(
2πα
′
√
detF2 +
detG⊥
4πα′
√
detF2
)
. (100)
The leading term in the DBI part is
−τD2g−1s
∫
d3σZ−3/4
√
− detG
q
·2πα′
√
detF2 = −
∫
dtdθdϕ
(
2πα
′
τD2g
−1
s Z
−1 · 1
2
q sin θ
)
.
(101)
The leading term in the WZ part is
τD2
∫
2πα
′
F2 ∧ C1 =
∫
dtdθdϕ
(
2πα
′
τD2g
−1
s Z
−1 · 1
2
q sin θ
)
, (102)
where we choose the gauge choice C1 = g
−1
s Z
−1dx0 in section 3. The two leading terms
from the DBI part and WZ part precisely cancel.
The subleading terms of the DBI and WZ parts read respectively:
−τD2g−1s
∫
d3σZ−3/4
√− detG
q
detG⊥
4πα′
√
detF2
= −
∫
dtdθdϕ
(
τD2g
−1
s
r41 sin θ
2πα′q
)
=
∫
dt
(
−2τD2r
4
1
gsα
′q
)
,
(103)
where the Z factor cancel exactly in (103) and
τD2
∫
C3 =
∫
dtdθdϕ
(
1
3
τD2g
−1
s µ˜r
3
1 sin θ
)
=
∫
dt
(
4πτD2µ˜r
3
1
3gs
)
, (104)
where C3 =
1
3
g−1s µ˜dx
0 ∧ S2 since F4 = F˜4 + C1 ∧H3 = −g−1s µ˜dx0 ∧ T3.
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E Putting source
The IIA bosonic action without external source is [45]
SIIA =
1
2κ2
[
∫
d10x
√−GR− 1
2
∫
(dΦ ∧ ∗dΦ+ gse−ΦH3 ∧ ∗H3 + g1/2s e3Φ/2F2 ∧ ∗F2
+g3/2s e
Φ/2F˜4 ∧ ∗F˜4 + g2sB2 ∧ F4 ∧ F4)]. (105)
When we add D2 branes with D0-charge distributed in a single shell as in section 4,
we actually introduced the source terms in the action. In analogy to electricity and
magnetism, now in the action there should appear a source term (some related discussion
on adding source term is in [46]):
Ssource =
1
2κ2
∫
g2s(C3 −B2 ∧ C1) ∧ J7, (106)
where J7 = 2κ
2τD2g
−2
s pδ(r1−r0)δ6(r2)dr1∧dr2∧ω5 and δ6(r2) = δ(x4)δ(x5)δ(x6)δ(x7)δ(x8)δ(x9).
The coefficient in J7 are read off from comparing the WZ action of the D2 branes with
D0-charge involving the couplings to C3, B2. So now the total action is
S = SIIA + Ssource. (107)
Since now C3 couples to J7, and B2 couples to
1
2
F4 ∧ F4 + C1 ∧ J7, the equations for
d(eΦ/2 ∗ F˜4) and for d(e−Φ ∗H3) when adding source should be modified to
d(eΦ/2 ∗ F˜4) = −g1/2s F4 ∧H3 + g1/2s J7, (108)
d(e−Φ ∗H3 + g1/2s eΦ/2C1 ∧ ∗F˜4) =
1
2
gsF4 ∧ F4 + gsC1 ∧ J7. (109)
In our cases, since the forms H3 and F4 both have overall factors of the volume-form of
the S2 in 123 subspace due to the isometry SO(3)×SO(6), the terms F4∧F4 and F4∧H3
are zero. The equations of motion for the fluxes on the background of the near horizon
geometry of a shell of multi-center D0 branes with D2 sources turned on are then modified
to:
dH3 = 0, (110)
dG6 = J7, (111)
d[Z−11 (H3 − gs ∗9 G6)] = 0, (112)
dx0 ∧ d[−g−1s Z−11 ∗9 H3 + (Z−11 − 1)G6] = gsC1 ∧ J7. (113)
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Since J7 is a delta function located at the S
2 with radius r0, so for the right side of
equation (113), we need to consider the C1 at r1 = r0, r2 = 0. The multi-center warp-factor
Z1 on the location of the delta function is infinity, so C1 = −g−1s dx0 on the location of the
delta function, where we used the gauge choice C1 = g
−1
s (Z
−1
1 − 1)dx0. Since dG6 = J7,
the last equation (113) becomes d[Z−11 (∗9H3 − gsG6)] = 0.
F Solving the equation with source
In this appendix we solve the equations in (41) in section 4. Since ∗9G(II)6 is closed, it can
be written as ∗9G(II)6 = (r−21 ∂1hdr1 + r−21 ∂2hdr2) ∧ ω2, so the equation dG(II)6 = J7 gives
∂21h− 2r−11 ∂1h+ ∂22h + 5r−12 ∂2h = 2κ2τD2g−2s pr20δ(r1 − r0)δ6(r2). (114)
We can convert equation (114) to a Laplacian equation with source terms by making
a derivative with respect to r1 of both sides of equation (114) and define the function
Y = r−21 ∂1h. The resulting equation becomes
▽29Y = Q, (115)
where ▽29 is the Laplacian on the 9-d flat space: ▽29 = [r−21 ∂1(r21∂1) + r−52 ∂2(r52∂2)] and
Q = 2κ2τD2g
−2
s pr
2
0r
−2
1 δ
′
(r1−r0)δ6(r2) is the source term, where δ′(r1−r0) is the derivative
of δ(r1 − r0) with respect to r1. Y can be solved by integration via Green’s function:
Y (−→r ) =
∫
G(−→r ,−→r ′)Q(−→r ′)d9−→r ′ , (116)
where G(−→r ,−→r ′) is the green function in the 9-d flat space defined as
▽29 G(−→r ,−→r
′
) = δ9(−→r −−→r ′), (117)
G(−→r ,−→r ′) = C|−→r −−→r ′|7 , (118)
where C is a constant.
Now let’s study the Y at a point (0, 0, r1, 0, 0, 0, 0, 0, r2). It is the superposition of
all the potentials generated by the sources at points parameterized by (r
′
1 sin θ cosϕ,
r
′
1 sin θ sinϕ, r
′
1 cos θ, 0,0,0,0,0,0), where the first three coordinates denote x1, x2, x3 and
the last six denote x4, ..., x9. From equation (116), now Y should be:
Y =
∫
C
(r
′2
1 − 2r1r′1 cos θ + r21 + r22)7/2
2κ2τD2g
−2
s pr
2
0r
′−2
1 δ
′
(r
′
1 − r0)δ6(r
′
2)d
6−→r ′2r
′2
1 dr
′
1 sin θdθdϕ
=
∫
4πCκ2τD2g
−2
s pr
2
0
5r1r
′
1
(
1
[(r1 − r′1)2 + r22]5/2
− 1
[(r1 + r
′
1)
2 + r22]
5/2
)
δ
′
(r
′
1 − r0)dr
′
1, (119)
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where we first integrated over d6−→r ′2, dθ, dϕ. Then we use δ′(r′1 − r0) = lim
ǫ→0
1
2ǫ
[δ(r
′
1 − r0 +
ǫ) − δ(r′1 − r0 − ǫ)] and perform the integration and then take ǫ → 0. We then get the
result for Y in equation (43) in section 4.
In the region where r1 ≫ r0, we can expand Y in terms of powers of r0:
Y =
4πCκ2τD2g
−2
s p
5r1
[
4
3!
(
105r1
r9
− 315r
3
1
r11
)
r30 +
8
5!
(−4527r1
r11
+
34650r31
r13
− 45045r
5
1
r15
)
r50 +O(r
7
0)
]
.
(120)
We see the leading term of (120) is of order r30: Y =
4πCκ2τD2g
−2
s p
5r1
[
4
3!
(
105r1
r9
− 315r31
r11
)
r30
]
=
k
(
1
r9
− 3r21
r11
)
r30, where k is a constant. Then we get h = k
r31r
3
0
3r9
and the leading terms of
H
(II)
3 and G
(II)
6 are
H
(II)
3 = gs ∗9 G(1)6 = gsk
r30
r9
[(
1− 3r
2
1
r2
)
dr1 ∧ w2 − 3r1r2
r2
dr2 ∧ w2
]
= gsk
r30
r9
[T3 − 3V3], (121)
G
(II)
6 = k
r30
r9
[∗9T3 − ∗93V3]. (122)
We see that the leading terms of H
(II)
3 and G
(II)
6 in large r region is precisely our n = −9
solution (11) in section 2. Since r0 ∝ µ, they are of the third order in µ in large r region.
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